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Abstract

We address the problem of learning on large sets of features, motivated by the
need of performing pooling operations in long biological sequences of varying
sizes, with long-range dependencies, and possibly few labeled data. To address
this challenging task, we introduce a parametrized embedding that aggregates the
features from a given set according to the optimal transport plan between the set
and a trainable reference. Our embedding (i) integrates an inductive bias akin
to that of self-attention in transformers, i.e aggregating features based on sim-
ilarity, while (ii) its kernel grounding provides a simple unsupervised learning
mechanism. Our approach also allows end-to-end training of the reference. We
demonstrate the effectiveness of our approach on biological sequences, achieving
state-of-the-art results for protein fold recognition tasks. Our code is freely avail-
able at https://github.com/claying/0TK. A longer version of the paper is
available at https://arxiv.org/abs/2006. 12065,

1 Introduction

Many scientific fields such as bioinformatics require processing sets of features with positional in-
formation. These objects are delicate to manipulate due to varying lengths and potentially long-
range dependencies between their elements. For many tasks, the difficulty is even greater since the
sequences can be arbitrarily long, or only provided with few labels, or both.

Attention [2] and then transformers [27] were proposed to cope with such data. In particular, trans-
formers led to major progress in many natural language processing (NLP) tasks [29] and to some
extent in other fields relying on structured data such bioinformatics [22]]. However, a major draw-
back of these models is their prohibitive number of parameters. In many tasks, it is thus very
expensive or impossible to gather enough data to train such models. More recently, deep learning
architectures specifically designed for sets have been proposed [16, [25]. Our experiments show that
these approaches achieve mixed performance for long biological sequences of varying size.

To address these issues, we marry ideas from kernel methods [24]] and optimal transport (OT) [20]:
we embed feature vectors of a given set to a reproducing kernel Hilbert space (RKHS) and then
perform a weighted pooling operation, with weights given by the transport plan between the set and
a trainable reference. The motivation for using kernels is to provide a non-linear transformation of
the input features before pooling, whereas OT allows to align the features on a trainable reference
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with fast algorithms [7]. Such combination provides us with a theoretically grounded embedding
that can be learned either without any label, or with supervision. In the latter case, we will see
that our model encodes prior “knowledge” in the sense that it is initialized with references that are
representative of the data set. Our embedding can operate on large sets with varying size and model
long-range dependencies when positional information is present. It shares the same inductive bias
as transformers self-attention, i.e, aggregating features given a notion of similarity. We demonstrate
its effectiveness on protein fold recognition tasks, among others, where we achieve state-of-the-art
results. We also show promising results in natural language processing tasks.

2 Proposed Embedding

2.1 Optimal Transport for Sets of Feature Vectors
We handle sets of features in R? and consider sets x living in
X ={x|x={x1,...,%,} such thatxq,...,x,, € R? forsomen > 1}.

Elements of X are typically vector representations of local data structures, such as k-mers for se-
quences or words for sentences. The size of x denoted by n may vary, which is not an issue since the
methods we introduce may take a sequence of any size as input and provide a fixed-size embedding.

Our pooling mechanism will be based on the transport plan between x and x’ seen as weighted point
clouds, which is a by-product of the optimal transport problem. OT has indeed been widely used
in alignment problems [[11]]. Let a in A™ (probability simplex) and b in A™ be the weights of the
discrete measures ) ; 8;0x, and ) j bjéx; with respective locations x and x’, where dy is the Dirac

at position x. Let C in R™*" be a matrix representing the pairwise costs for aligning the elements
of x and x’. The entropic regularized Kantorovich relaxation of OT [20] from x to x’ is

i C, P — cH(P), 1
ity 2 CuPis —<H(P) ®
where H(P) = —3 ;. P;;(log(P;;) — 1) is the entropic regularization with parameter €, which

controls the sparsity of P, and U is the space of admissible couplings between a and b:
Ua,b) = {P e R¥" : P1, =aand P' 1,/ = b}.

In practice, a and b are uniform measures since we consider the mass to be evenly distributed
between the points. P is called the transport plan, which carries the information on how to distribute
the mass of x in x” with minimal cost.

2.2 Optimal Transport Embedding and Associated Kernel

We now present our embedding, starting with an infinite-dimensional variant living in a RKHS.

Infinite-dimensional embedding in RKHS. Kernel methods [[24] map data living in a space X’ to
a reproducing kernel Hilbert space #, associated to a positive definite kernel K through a mapping
function ¢ : X — H, such that K (x,x") = (¢(x), ¢(x’))%. Given a set x and a (learned) reference
z in X with p elements, we consider an embedding ®,(x) which performs the following operations:
(1) initial embedding of the elements of x and z to a RKHS H; (ii) alignment of the elements of x to
the elements of z via optimal transport; (iii) weighted linear pooling of the elements x into p bins,
producing an embedding ®,(x) in HP, which is illustrated in Figure [I} Before introducing more
formal details, we note that our embedding relies on two main ideas:

o Global similarity-based pooling using references. Learning on large sets with long-range interac-
tions may benefit from pooling to reduce the number of feature vectors. Our pooling rule follows
an inductive bias akin to that of self-attention: elements that are relevant to each other for the task
at hand should be pooled together. To this end, each element in the reference set corresponds to
a pooling cell, where the elements of the input set are aggregated through a weighted sum. The
weights simply reflect the similarity between the vectors of the input set and the current vector
in the reference. Importantly, using a reference set enables to reduce the size of the “attention
matrix” from quadratic to linear in the length of the input sequence.
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Figure 1: The input point cloud x is transported onto the reference z = (z1, . .., z,) (left), yielding
the optimal transport plan P (x, z) used to aggregate the embedded features and form ®,(x) (right).

o Computing similarity weights via OT. A popular similarity score between two elements is their
dot-product [27]. In this paper, we rather consider that elements of the input set should be pooled
together if they align with the same part of the reference. Alignment scores can efficiently be
obtained by computing the transport plan between the input and the reference sets: Sinkhorn’s
algorithm indeed enjoys fast solvers [7]. We are now in shape to give a formal definition.

Definition 2.1 (The optimal transport kernel embedding). Let x = (x1,...,%,) in X be an
input set of feature vectors and z = (21, .. .,2,) in X be a reference set with p elements. Let « be a
positive definite kernel, e.g., Gaussian kernel, with RKHS H and ¢ : R? — H, its associated kernel
embedding. Let k be the n x p matrix which carries the comparisons x(x;,z;), before alignment.
Then, the transport plan between x and z, denoted by the n x p matrix P(x,z), is defined as the
unique solution of (I) when choosing the cost C = —k, and our embedding is defined as

n

®,(x) := \/p x (Z P(x,z)inp(xi), --- aZP(sz)iPQO(Xi)) =P x P(x,2) " p(x),

where p(x) = [p(x1), -, o (x)] -

Interestingly, it is easy to show that our embedding ®,(x) is associated to the positive definite kernel

Ky(x,x) = 3 Py(x,x)arn(xi,xpr) = (@,(x), 04(x)), @)

ii/=1

with P, (x,x) := p x P(x,z)P(x’,2) ". This is a weighted match kernel, with weights given by
optimal transport in H. K, is related to a classical kernel, see Appendix Our embedding can
be extended to use multiple references, similar to the notion of multi-head attention, and integrate
positional information, see Appendix [B.3] We now expose the benefits of this kernel formulation.

From infinite-dimensional kernel embedding to finite dimension. In some cases, p(x) is al-
ready finite-dimensional, which allows to compute the embedding ®,(x) explicitly. This is partic-
ularly useful when dealing with large-scale data, as it enables us to use our method for supervised
learning tasks without computing the Gram matrix, which grows quadratically in size with the num-
ber of samples. When ¢ is infinite or high-dimensional, it is nevertheless possible to use an ap-
proximation based on the Nystrom method [32]], which provides an embedding ) : R? — R* such
that (¥(x;), ¥ (x}))rr ~ K(xi, X)) (see Appendix . The corresponding embedding admits an
explicit form 1 (x;) = w(w, w)™/2k(w, x;), where x(w, w) is the k& x k Gram matrix of x com-
puted on the set w = {wy, ..., wy} of anchor points and x(w,x;) is in R*. Anchor points can be
defined as centroids obtained by K-means, see [33]], or learned by back-propagation for a supervised
task, see [17]. Using such an approximation within our framework can be simply achieved by (i)
replacing « by a linear kernel and (ii) replacing each element x; by its embedding v (x;) in R* and
considering a reference set with elements in Rk, By abuse of notation, we still use z for the new
parametrization. The embedding, which we use in practice in all our experiments, becomes simply

D,(x) = /p x P(1(x),2) " 1h(x) € RP*F, 3)

where p is the number of elements in z. Next, we discuss how to learn the reference set z.

3



Unsupervised learning of z. In the fashion of the Nystrom approximation, the p elements of z can
be defined as the centroids obtained by K-means applied to all features from training sets in X. The
anchor points w and the references z may be then computed using similar algorithms; however, their
mathematical interpretation differs as exposed above. The task of representing features (learning w
in R? for a specific x) is decoupled from the task of aggregating (learning the reference z in R¥).

Supervised learning of z. P (v (x),z) is computed using Sinkhorn’s algorithm, [20]., recalled in
Appendix [Al which can be easily adapted to batches of samples x, with possibly varying lengths,
leading to GPU-friendly forward computations of ®,. All Sinkhorn’s operations are differentiable,
which enables z to be optimized with SGD through back-propagation, e.g., for minimizing a classifi-
cation or regression loss function when labels are available. In practice, a small number of Sinkhorn
iterations (e.g., 10) is sufficient to compute P (1)(x), z). Since the anchors w in the embedding layer
below can also be learned end-to-end [[17], our embedding can be used as a module injected into any
model, e.g, a deep network. We typically initialize the model with parameters given by unsupervised
training. Finally, the relationship between OTKE and self-attention is discussed in Appendix [B.4]

3 Experiments

We show the effectiveness of the OTKE in an important protein fold classification task on the SCOP
1.75 data set, where samples can be expressed as large sets with potentially few labels. We evaluate
our embedding alone in unsupervised or supervised settings. In unsupervised settings, we train
a linear classifier on top of features provided by our unsupervised embedding, or an unsupervised
baseline. In supervised settings, the same model is initialized with our unsupervised method and then
trained end-to-end. The hyper-parameters we tuned include number of supports and references p, g,
entropic regularization in OT ¢, the bandwidth of Gaussian kernels and the regularization parameter
of the linear classifier. The best values of € and the bandwidth were found , while the regularization
parameter needed to be cross-validated. Additional results, data sets and implementation details
can be found in Appendix [D} we show state-of-the-art results for another bio-informatics task, the
detection of chromatin profiles, and promising results in natural language processing.

We follow the protocol described by [[13]]. The dataset contains 19, 245 sequences from 1, 195 differ-
ent classes of fold, i.e less than 20 labels in average per class. The sequence lengths vary from tens
to thousands. Each element of a sequence is a 45-dimensional vector. The objective is to classify
the sequences to fold classes, which corresponds to a multiclass classification problem. The features
fed to the linear classifier are the output of our embedding with ¢ the Gaussian kernel mapping
on k-mers (subsequences of length k) with k fixed to 10, which is known to perform well in this
task [4]. The number of anchor points for Nystrom method is fixed to 1024 and 512 respectively
for unsupervised and supervised setting. In the unsupervised setting, we compare our method to
state-of-the-art unsupervised method for this task: CKN [4], which performs a global mean pooling
in contrast to the global adaptive pooling performed by our embedding. In the supervised setting,
we compare the same model to the following supervised models: CKN, Recurrent Kernel Networks
(RKN) [5], a CNN with 10 convolutional layers named DeepSF [13], Rep the Set [25] and Set
Transformer [16], using the public implementations by their authors. Rep the Set and Set Trans-
former are used on the top of a convolutional layer of the same filter size as CKN to extract k-mer
features. Their model hyper-parameters, weight decay and learning rate are tuned in the same way
as our models. The default architecture of Set Transformer did not perform well due to overfitting.
We thus used a shallower architecture with one ISAB, one PMA and one linear layer, similar to the
one-layer architectures of CKN and our model. The results are shown in Table[T}

Table 1: Classification accuracy (top 1/5/10) on test set for SCOP 1.75 for different unsupervised
and supervised baselines, averaged from 10 different runs. (q references x p supports ).

Method | Unsupervised | Supervised

DeepSF [13] Not available. 73.0/90.3/94.5

CKN [4] 81.840.8/92.8+£0.2/95.0+0.2 | 84.1£0.1/94.3£0.2/96.41-0.1
RKN [5] Not available. 85.340.3/95.0£0.2/96.51+0.1
Set Transformer [[16] Not available. 79.244.6/91.5+£1.4/94.3+0.6
Approximate Rep the Set [25] Not available. 84.540.6/94.0£0.4/95.7+0.4
Ours (dot-product instead of OT) 78.2£1.9/93.1£0.7/96.04+0.4 | 87.540.3/95.5£0.2/96.940.1
Ours (Unsup.: 1 x 100/ Sup.: 5 x 10) | 85.840.2/95.3+0.1/96.8+0.1 | 88.740.3/95.9+0.2/97.3+0.1




Our embedding outperforms all baselines. Surprisingly, our unsupervised model also achieves better
results than most supervised baselines. In contrast, Set Transformer does not perform well, possibly
because its implementation was not designed for sets with varying sizes, and tasks with few anno-
tations. The optimal number of references and supports appear to be data dependent. Generally,
each reference has a cardinality lower than the length of the input sets. Using multiple references
improves performance in supervised settings only, see Appendix We observed our method to
be much faster than RepSet, as fast as Set Transformer, yet slower than ApproxRepSet (D.3)). Using
the OT plan as similarity score yields better accuracies than the dot-product between the input sets
and the references (see Table [16). A future direction would be exploring the content of the
references to see whether it can be interpreted, and used to encode real prior knowledge.
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Appendix

Appendix [A]provides some background on notions used throughout the paper; Appendix [B]provides
technical details that were omitted in the paper for readability; Appendix [C| contains the proofs
skipped in the paper; Appendix [D] provides additional experimental results as well as details on our
protocol for reproducibility.

A Additional Background

This section provides some background on attention and transformers, Sinkhorn’s algorithm and the
relationship between optimal transport based kernels and positive definite histogram kernels.

A.1 Sinkhorn’s Algorithm: Fast Computation of P (x, z)

Without loss of generality, we consider here x the linear kernel. We recall that P (x, z) is the solu-
tion of an optimal transport problem, which can be efficiently solved by Sinkhorn’s algorithm [20]
involving matrix multiplications only. Specifically, Sinkhorn’s algorithm is an iterative matrix scal-
ing method that takes the opposite of the pairwise similarity matrix K with entry K;; := (x;,z;)
as input C and outputs the optimal transport plan P (x,z) = Sinkhorn(K, ¢). Each iteration step ¢
performs the following updates

41 1/n 241 1/p

u(+)=m and V(+):ETU.(€)7 (4)
where E = ¢X/¢. Then the matrix diag(u'¥))Ediag(v(“)) converges to P, (x,z) when ¢ tends to
oo. However when € becomes too small, some of the elements of a matrix product Ev or E'u
become null and result in a division by 0. To overcome this numerical stability issue, computing the
multipliers u and v is preferred (see e.g. [20, Remark 4.23]). This algorithm can be easily adapted
to a batch of data points x, and with possibly varying lengths via a mask vector masking on the
padding positions of each data point x, leading to GPU-friendly computation. More importantly,
all the operations above at each step are differentiable, which enables z to be optimized through
back-propagation. Consequently, this module can be injected into any deep networks.

A.2 Nystrom Method

The Nystrom method [32], provides an embedding ¢ : R* — R* such that
<w(xl)a ¢(X;~)>]Rk ~ ‘%(Xiv X_/])

Concretely, the Nystrom method consists in projecting points from the RKHS H onto a linear sub-
space F, which is parametrized by k anchor points F = Span(p(wy),...,@(wg)). The corre-
sponding embedding admits an explicit form t(x;) = r(w, w)~"/?k(w, x;), where x(w, w) is the
k x k Gram matrix of x computed on the set w = {w1, ..., wy} of anchor points and k(w, x;) is
in R¥. Then, there are several ways to learn the anchor points: (a) they can be chosen as random
points from data; (b) they can be defined as centroids obtained by K-means, see [33]; (c) they can
be learned by back-propagation for a supervised task, see [17].

A.3 Attention and Transformers

We clarify the concept of attention — a mechanism yielding a context-dependent embedding for
each element of x — as a special case of non-local operations [3,[30], so that it is easier to understand
its relationship to the OTK. Let us assume we are given a set x € X of length n. A non-local
operation on x is a function ¢ : X — X such that

B(x); = ) wlxi, x;)o(x;) = W(x){ V(x),

Jj=1



where W(x); denotes the i-th column of W(x), a weighting function, and V(x) =
[v(x1),...,v(x,)] ", an embedding. In contrast to operations on local neighborhood such as con-
volutions, non-local operations theoretically account for long range dependencies between elements
in the set. In attention and the context of neural networks, w is a learned function reflecting the
relevance of each other elements x; with respect to the element x; being embedded and given the
task at hand. In the context of the paper, we compare to a type of attention coined as dot-product
self-attention, which can typically be found in the encoder part of the transformer architecture [27].
Transformers are neural network models relying mostly on a succession of an attention layer fol-
lowed by a fully-connected layer. Transformers can be used in sequence-to-sequence tasks — in this
setting, they have an encoder with self-attention and a decoder part with a variant of self-attention
—, or in sequence to label tasks, with only the encoder part. The paper deals with the latter. The
name self-attention means that the attention is computed using a dot-product of linear transforma-
tions of x; and x;, and x attends to itself only. In its matrix formulation, dot-product self-attention
is a non-local operation whose matching vector is

T T
W (x); = Softmax (VVQ)?/)ZTVVK) ,
k

where W € R and Wx € R™*% are learned by the network. In order to know which x;
are relevant to x;, the network computes scores between a query for x; (Wgx;) and keys of all the
elements of x (Wgx). The softmax turns the scores into a weight vector in the simplex. Moreover,
a linear mapping V(x) = Wy x, the values, is also learned. W and Wi are often shared [14]. A
drawback of such attention is that for a sequence of length n, the model has to store an attention
matrix W with size O(n?). More details can be found in [27].

B Additional Details

B.1 Kernel Interpretation

Thanks to the gluing lemma [20], P,(x,x’) is a valid transport plan and, empirically, a rough
approximation of P(x,x’). K, can therefore be seen as a surrogate of a well-known kernel [23]],
defined as

Kor(x,x') Z P(x,x"),. k(x,X})). ®)
1,1/ =1
When the entropic regularization ¢ is equal to 0, Kor is equivalent to the 2-Wasserstein distance
Wa(x,x’) with ground metric d, induced by kernel x. Kor is generally not positive definite
(see [20], Chapter 8.3) and computationally costly (the number of transport plans to compute is
quadratic in the number of sets to process whereas it is linear for K,). Now, we show the relation-
ship between this kernel and our kernel K, which is proved in Appendix

Lemma B.1 (Relation between P(x, x’) and P,(x,x’) when ¢ = 0). For any x, x" and z in X’ with
lengths n, n’ and p, by denoting WZ(x, x') := (P,(x,x'), d?(x,x’))"/* we have

[Wa(x,x") — WZ(x,x')| < 2min(Wa(x,z), Wa(x', z)). (6)

This lemma shows that the distance W5 resulting from £, is related to the Wasserstein distance Ws;
yet, this relation should not be interpreted as an approximation error as our goal is not to approx-
imate T, but rather to derive a trainable embedding ®,(z) with good computational properties.
Lemma[B.T]roots our features and to some extent self-attention in a rich optimal transport literature.

B.2 Variant of Unsupervised Learning of Parameter z

In the fashion of the Nystrom approximation, the p elements of z can be defined as the centroids
obtained by K-means applied to all features from training sets in X'. A corollary of Lemma
suggests another algorithm: a bound on the deviation term between Wy and W5 for m samples
(x',...,x™)is indeed

2::%'2 Wo(x"',x7) — WE(x", x)|2<*ZW2 x',2). %)

=1



The right-hand term corresponds to the objective of the Wasserstein barycenter problem [8]], which
yields the mean of a set of empirical measures (here the x’s) under the OT metric. The Wasserstein
barycenter is therefore an attractive candidate for choosing z. K-means can be seen as a particular
case of Wasserstein barycenter when m = 1 [8,[12] and is faster to compute. In practice, both meth-
ods yield similar results, see Appendix [D} and we thus chose K-means to learn z in unsupervised
settings throughout the experiments.

B.3 Extensions

Integrating positional information into the embedding. The discussed embedding and kernel
do not take the position of the features into account, which may be problematic when dealing with
structured data such as images or sentences. To this end, we borrow the idea of convolutional kernel
networks, or CKN [[17, [18]], and penalize the similarities exponentially with the positional distance
between a pair of elements in the input and reference sequences. More precisely, we multiply
P(v(x), z) element-wise by a distance matrix S defined as:

L (i/n—i/p)?
S — e “305(/ /p)
ij — )

and replace it in the embedding. With similarity weights based both on content and position, the ker-
nel associated to our embedding can be viewed as a generalization of the CKNs (whose similarity
weights are based on position only), with feature alignment based on optimal transport. When deal-
ing with multi-dimensional objects such as images, we just replace the index scalar ¢ with an index
vector of the same spatial dimension as the object, representing the positions of each dimension.

Using multiple references. A naive reconstruction using different references z!, . . ., z? in X may
yield a better approximation of the transport plan. In this case, the embedding of x becomes
Py pa(X) =17 (Pp(x),..., Pra(x)), (8)

with ¢ the number of references (the factor 1/,/5 comes from the mean). The references do not
necessarily have the same number of elements z;. Using Eq. (6), we can obtain a deviation bound
similar to @) for a data set of m samples (x!,...,x™) and q references (see Appendix for
details). To choose multiple references, we tried a K-means algorithm with 2-Wasserstein distance
for assigning clusters, and we updated the centroids as in the single-reference case. Using multiple
references appears to be useful when optimizing z with supervision (see Appendix D).

B.4 On the Relationship between our Embedding and Self-attention

Our embedding and a single layer of transformer encoder, recalled in Appendix [A] share the same
type of inductive bias, i.e, aggregating features relying on similarity weights. We now clarify their
relationship. Our embedding is arguably simpler (see respectively size of attention and number of
parameters in Table 2, and may compete in some settings with the transformer self-attention as
illustrated in Section 3

Shared reference versus self-attention. There is a correspondence between the values, attention
matrix in the transformer and ¢, P in Definition yet also noticeable differences. On the one
hand, ®, aligns a given sequence x with respect to a reference z, learned with or without supervision,
and shared across the data set. Our weights are computed using optimal transport. On the other hand,
a transformer encoder performs self-alignment: for a given x;, features are aggregated depending
on a similarity score between x; and the elements of x only. The similarity score is a matrix product
between queries () and keys K matrices, learned with supervision and shared across the data set.
In this regard, our work complements a recent line of research questioning the dot-product, learned
self-attention [21} 31]]. Self-attention-like weights can also be obtained with our embedding by
computing P(x, z;)P(x,z;) " for each reference i.

Position smoothing and relative positional encoding. Transformers can add an absolute posi-
tional encoding to the input features [27]. Yet, relative positional encoding [9]] is a current standard
for integrating positional information: the position offset between the query element and a given key
can be injected in the attention score [26]], which is equivalent to our approach. The link between
CKNs and our kernel, provided by this positional encoding, stands in line with recent works casting



Table 2: Relationship between ®, and transformer self-attention. k: a function describing how
the transformer integrates positional information; n: sequence length; ¢: number of references or
attention heads; d: dimension of the embeddings; p: number of supports in z. Typically, p < d.
In 2recent transformer architectures, positional encoding requires learning additional parameters (~
qd”?).

| Self-Attention b,
Attention score W=Ww'Q P
Size of score O(n?) O(np)
Alignment w.r.t: x itself Z
Learned + Shared W and Q z
Nonlinear mapping | Feed-forward @ or Y
o (=)?
Position encoding k(t:,t';) e s
Nb. parameters ~ qd* qpd
Supervision Needed Not needed

attention and convolution into a unified framework [1]]. In particular, [6] show that attention learns
convolution in the setting of image classification: the kernel pattern is learned at the same time as
the filters.

Multiple references and attention heads. In the transformer architecture, the succession of
blocks composed of an attention layer followed by a fully-connected layer is called a head, with
each head potentially focusing on different parts of the input. Successful architectures have a few
heads in parallel. The outputs of the heads are then aggregated to output a final embedding. A layer
of our embedding with non-linear kernel « can be seen as such a block, with the references playing
the role of the heads. As some recent works question the role of attention heads [[19, 28], exploring
the content of our learned references z may provide another perspective on this question.

C Proofs

C.1 Proof of Lemma[B.1]

Proof. First, since Z;L/:l pP(x’,z);, = 1 for any k, we have

3

P
Wy (x,2)? = Z P(x,2)id2(xi, z1)
i=1 k=1
n p n
= Z ZpP(X’, 2) kP (x,2)ixd2 (x;, 21,
i=1 k=1 j=1
= |lul3,
with u a vector in R"™'P whose entries are \/pP(X,,Z)jkP(X,Z)ikd,@(Xth) fori = 1,...,n,
j=1,...,n and k = 1,...,p. We can also rewrite WZ(x,x’) as an {y-norm of a vector v in

R"™"'P whose entries are VPP (X, 2) ik P (X, 2)ikdy (X, x’;). Then by Minkowski inequality for the
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f5-norm, we have
[Wa(x,2) — W3 (x,x')| = [[[ull2 = [[vll2]

< Jlu—vl2
/ 1/2
n P n
= ZZZpP x',2) i, P (%, 2)ik (di (X, 21) — dis (x4, %';))?
i=1 k=1 j=1
I 1/2
n_p
< (3 S P2 P )
i=1 k=1 j=1
/5
(S m
k=1 j=1
= W2 (X/7 Z)7
where the second inequality is the triangle inequality for the distance d,;. Finally, we have
|W2(X> X/) - WQZ(X7 X/)I
<[Wa(x,x) = Wa(x, )| + [Wa(x, 2) — W3 (x,X)]
<Wy(x',z) + Wa(x', z)
=2Ws(x', z),
where the second inequality is the triangle inequality for the 2-Wasserstein distance. By symmetry,
we also have |Wa(x,x") — W¥(x,x")| < 2Wa(x, z), which concludes the proof. O
A corollary is
2 R L S Wz 1 7\|2 < i S W2 i 9
T QZ 2(X7X)| —mz 2(X7Z)' ©))
=1 i=1

C.2 Relationship between W5 and W3 for multiple references

Using the relation prooved in Appendlx @], we can obtain a bound on the error term between Wy

and W for a data set of m samples (x!, x™) and q references (z!, . .., z9)
1 | 4 G
i i z',...,z% 4 i i
= LS ) - w3 <x,xﬂ>|2squZZW2 x\2). (10
ij=1 i=1 j=1

When g = 1, the right-hand term in the inequality is the objective to minimize in the Wasserstein
barycenter problem [§]], which further explains why we considered it: Once W¥ is close to the
Wasserstein distance W5, K, will also be close to Kgr. We extend here the bound in equation@] in
the case of one reference to the multiple-reference case. The approximate 2-Wasserstein distance
WZ(x,x’) thus becomes

) q 1/2 ) q /2
W zq ={= 2 (x,%'), d? (x,x' =S w7 x,x')?
) = (FS Pt ) )= (F )
Then by Minkowski inequality for the ¢5-norm we have
. 12 . Y2
z! .z 1 1
[Waloe, ) = W5 (ox) = || Do Wabex)? | = | oW
j=1 j=1
1/2

A
=
><
’
&
=<
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and by equation [0 we have

1/2
4 < ; ,
|W2(X3X/) - WQZI’M.VZQ (Xaxl)| < - Zmin(Wg(x, zj)a WQ(X/7Z]))2
q“
j=1
Finally the approximation error in terms of Frobenius is bounded by
1 & . R D 4 & i
£ = 2 Z (Wa(x!,x7) = Wy " (x, x7)|? < %ZZW;(X .27).
i,j=1 i=1 j=1

In particular, when g = 1 that is the case of single reference, we have

4 m
2 2/ i
g S E Z W2 (Xl,Z)7
=1
where the right term equals to the objective of the Wasserstein barycenter problem, which justifies
the choice of z when learning without supervision.

D Additional Experiments and Setup Details

This section contains additional experiments on CIFAR-10, whose purpose is to illustrate the kernel
associated with our embedding with respect to other classical or optimal transport based kernels,
and test our embedding on another data modality; additional results for SCOP 1.75, state-of-the-art
results for detection of chromatin profiles and promising results in NLP; details on our setup, in
particular hyper-parameter tuning for our methods and the baselines.

D.1 Experiments on Kernel Matrices (only for small data sets).

Here, we compare the optimal transport kernel Ko (3) and its surrogate K, () (with z learned
without supervision) to common and other OT kernels. Although our embedding ®, is scalable,
the exact kernel require the computation of Gram matrices. For this toy experiment, we therefore
use 5000 samples only of CIFAR-10 (images with 32 x 32 pixels), encoded without supervision
using a two-layer convolutional kernel network [17]]. The resulting features are 3 x 3 patches living
in RY with d = 256 or 8192. Kor and K, aggregate existing features depending on the ground
cost defined by —x (Gaussian kernel) given the computed weight matrix P. In that sense, we can
say that these kernels work as an adaptive pooling. We therefore compare it to kernel matrices
corresponding to mean pooling and no pooling at all (linear kernel). We also compare to a recent
positive definite and fast optimal transport based kernel, the Sliced Wasserstein Kernel [15] with
10, 100 and 1000 projection directions. We add a positional encoding to it so as to have a fair
comparison with our kernels. A linear classifier is trained from this matrices. Although we cannot
prove that Kot is positive definite, the classifier trained on the kernel matrix converges when ¢ is
not too small. The results can be seen on Table E} Without positional information, our kernels do
better than Mean pooling. When the positions are encoded, the Linear kernel is also outperformed.
Note that including positions in Mean pooling and Linear kernel means interpolating between these
two kernels: in the Linear kernel, only patches with same index are compared while in the Mean
pooling, all patches are compared. All interpolations did worse than the Linear kernel. The runtimes
illustrate the scalability of K.

D.2 CIFAR-10

Here, we test our embedding on the same data modality: we use CIFAR-10 features, i.e., 60, 000
images with 32 x 32 pixels and 10 classes encoded using a two-layer CKN [17]], one of the baseline
architectures for unsupervised learning of CIFAR-10, and evaluate on the standard test set. The very
best configuration of the CKN yields a small number (3 x 3) of high-dimensional (16, 384) patches
and an accuracy of 85.8%. We will illustrate our embedding on a configuration which performs
slightly less but provides more patches (16 x 16), a setting for which it was designed.

The input of our embedding are unsupervised features extracted from a 2-layer CKN with kernel
sizes equal to 3 and 3, and Gaussian pooling size equal to 2 and 1. We consider the following
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Table 3: Classification accuracies for 5000 samples of CIFAR-10 using CKN features [17]] and
forming Gram matrix. A random baseline would yield 10%.

Dataset | (3 x 3), 256

Kernel | Accuracy ~ Runtime
Mean Pooling 58.5 ~ 30 sec
Flatten 67.6 ~ 30 sec
Sliced-Wasserstein [[15]] 63.8 ~ 2 min
Sliced-Wasserstein [15] + sin. pos enc. [[10] 66.0 ~ 2 min
Kor 64.5 ~ 20 min
Kor + our pos enc. 67.1 ~ 20 min
K, 67.9 ~ 30 sec
K + our pos enc. 70.2 ~ 30 sec

Table 4: Hyperparameter search range for CIFAR-10

Hyperparameter Search range

Entropic regularization € [1.0;0.1;0.01;0.001]
Position encoding bandwidth opos  [0.5; 0.6;0.7;0.8; 0.9; 1.0]

configurations of the number of filters at each layer, to simulate two different input dimensions for
our embedding:

o 64 filters at first and 256 at second layer, which yields a 16 x 16 x 256 representation for
each image.

e 256 filters at first and 1024 at second layer, which yields a 16 x 16 x 1024 representation
for each image.

Since the features are the output of a Gaussian embedding, ~ in our embedding will be the linear
kernel. The embedding is learned with one reference and various supports using K-means method
described in Section [2, and compared to several classical pooling baselines, including the original
CKN’s Gaussian pooling with pooling size equal to 6. The hyper-parameters are the entropic regu-
larization € and bandwidth for position encoding opos. Their search grids are shown in Table [Z_f] and
the results in Table[5] Without supervision, the adaptive pooling of the CKN features by our embed-
ding notably improves their performance. We notice that the position encoding is very important to
this task, which substantially improves the performance of its counterpart without it.

Table 5: Classification results using unsupervised representations for CIFAR-10 for two feature
configurations (extracted from a 2-layer unsipervised CKN with different number of filters). We
consider here our embedding with one reference and different number of supports, learned with
K-means, with or without position encoding (PE).

Method Nb. supports 16 x 16 x 256 16 x 16 x 1024
Flatten 73.1 76.1
Mean pooling 64.9 73.4
Gaussian pooling [17] 77.5 82.0
Ours 9 75.6 79.3
Ours (with PE) 78.0 82.2
Ours 64 77.9 80.1
Ours (with PE) 81.4 83.2
Ours 144 78.4 80.7
Ours (with PE) 81.8 83.4
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Table 6: Hyperparameter search grid for SCOP 1.75

Hyperparameter Search range

¢ for Sinkhorn [1.0;0.5;0.1;0.05; 0.01]
A for classifier (unsupervised setting) 1/2ranee(5,20)

A for classifier (supervised setting) [le-6;1e-5;1e-4;1e-3]

Table 7: Hyperparameter search grid for SCOP 1.75 baselines.

Model and Hyperparameter Search range
ApproxRepSet: Hidden Sets x Cardinality ~ [20; 30; 50; 100] x [10; 20; 50]
ApproxRepSet: Learning Rate [0.0001; 0.0005; 0.001]
ApproxRepSet: Weight Decay [le-5;1e-4;1e-3;1e-2]

Set Transformer: Heads x Dim Hidden [1;4; 8] x [64;128;2506]
Set Transformer: Learning Rate [0.0001; 0.0005; 0.001]
Set Transformer: Weight Decay [le-5;le-4;1e-3;1e-2]

D.3 Protein fold recognition

Dataset description. Our protein fold recognition experiments consider the Structural Classifica-
tion Of Proteins (SCOP) version 1.75 and 2.06. We follow the data preprocessing protocols in [[13]],
which yields a training and validation set composed of 14699 and 2013 sequences from SCOP 1.75,
and a test set of 2533 sequences from SCOP 2.06. The resulting protein sequences belong to 1195
different folds, thus the problem is formulated as a multi-classification task. The input sequence is
represented as a 45-dimensional vector at each amino acid. The vector consists of a 20-dimensional
one-hot encoding of the sequence, a 20-dimensional position-specific scoring matrix (PSSM) repre-
senting the profile of amino acids, a 3-class secondary structure represented by a one-hot vector and
a 2-class solvent accessibility. The lengths of the sequences are varying from tens to thousands.

Models setting and hyperparameters. We consider here the one-layer models followed by a
global mean pooling for the baseline methods CKN [4] and RKN [5]]. We build our model on top
of the one-layer CKN model, where x can be seen as a Gaussian kernel on the k-mers in sequences.
The only difference between our model and CKN is thus the pooling operation, which is given by
our embedding introduced in Section[2] The bandwidth parameter of the Gaussian kernel s on k-
mers is fixed to 0.6 for unsupervised models and 0.5 for supervised models, the same as used in
CKN which were selected by the accuracy on the validation set. The filter size & is fixed to 10
and different numbers of anchor points in Nystrom for x are considered in the experiments. The
other hyperparameters for our embedding are the entropic regularization parameter €, the number
of supports in a reference p, the number of references ¢, the number of iterations for Sinkhorn’s
algorithm and the regularization parameter A in the linear classifier. The search grid for € and A is
shown in Table[6]and they are selected by the accuracy on validation set. € plays an important role
in the performance and is observed to be stable for the same dataset. For this dataset, it is selected
to be 0.5 for all the unsupervised and supervised models. The effect of other hyperparameters will
be discussed below.

For the baseline methods, the accuracies of PSI-BLAST and DeepSF are taken from [[13]. The hy-
perparameters for CKN and RKN can be found in [5]. For Rep the Set [25]] and Set Transformer [[16],
we use the public implementations by the authors. These two models are used on the top of a con-
volutional layer of the same filter size as CKN to extract k-mer features. As the exact version of
Rep the Set does not provide any implementation for back-propagation to a bottom layer of it, we
consider the approximate version of Rep the Set only, which also scales better to our dataset. The
default architecture of Set Transformer did not perform well due to overfitting. We therefore used a
shallower architecture with one ISAB, one PMA and one linear layer, similar to the one-layer archi-
tectures of CKN and our model. We tuned their model hyperparameters, weight decay and learning
rate. The search grids for these hyperparameters are shown in Table

Unsupervised embedding. The kernel embedding ¢, which is infinite dimensional for the Gaus-
sian kernel, is approximated with the Nystrom method using K-means on 300000 k-mers extracted
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Table 8: Classification accuracy (top 1/5/10) results of our unsupervised embedding for SCOP 1.75.
We show the results for different combinations of (number of references g x number of supports p).
The reference measures z are learned with either K-means or Wasserstein barycenter for updating
centroids.

Embedding size (¢ X p)
10 50 100 200

1 76.5/91.5/94.4 77.5/91.7/94.5 79.4/92.4/94.9  78.7/92.1/95.1
K-means 5 72.8/89.9/93.7 77.8/91.7/94.6 78.6/91.9/94.6  78.1/92.1/94.7
10 62.7/85.8/91.1  76.5/91.0/94.2  78.1/92.2/94.9  78.6/92.2/94.7

1 64.0/85.9/91.5 71.6/88.9/93.2 77.2/91.4/942 77.5/91.9/94.8
Wass. bary. 5 70.5/89.1/93.0 76.6/91.3/94.4  78.4/91.7/94.3  77.1/91.9/94.7
0 63.0/85.7/91.0  75.9/91.4/94.3 77.5/91.9/94.6  77.7/92.0/94.7

84.4/95.0/96.6  84.6/95.0/97.0  85.7/95.3/96.7  85.4/95.2/96.7
1024 K-means 5  81.1/94.0/96.2  84.9/94.8/96.8  84.7/94.4/96.7  85.2/95.0/96.7
10 79.8/93.5/95.9  83.1/94.6/96.6  84.4/94.7/96.7  84.8/94.9/96.7

Nb. filters Method q

128

Table 9: Classification accuracy (top 1/5/10) of supervised models for SCOP 1.75. The accuracies
obtained by averaging 10 different runs. We show the results of using either one reference with 50
supports or 5 references with 10 supports. Here DeepSF is a 10-layer CNN model.

Method Runtime Top 1/5/10 accuracy on SCOP 2.06

PSI-BLAST [13] - 84.53/86.48/87.34

DeepSF [13] - 73.00/90.25/94.51

Set Transformer [16] 3.3h 79.154+4.61/91.54+1.40/94.33£0.63

ApproxRepSet [25] 2h 84.51+0.58/94.03+0.44/95.73+0.37

Number of filters 128 512

CKN [4] 1.5h 76.304+0.70/92.17£0.16/95.274+0.17  84.11+0.11/94.2940.20/96.36+0.13
RKN [5] - 77.8240.35/92.89+£0.19/95.51+0.20  85.2940.27/94.954+0.15/96.54+0.12
Ours

P, (1 x 50) 3.5h 82.83+0.41/93.89+0.33/96.234+0.12  88.40+0.22/95.76+0.13/97.10+0.15
P, (5 x 10) 4h 84.68+0.50/94.68+:0.29/96.49+0.18  88.661+0.25/95.90+0.15/97.33+0.14

from the same training set as in [3]]. The reference measures are learned by using either K-means
or Wasserstein to update centroids in 2-Wasserstein K-means on 3000 subsampled sequences for
RAM-saving reason. We evaluate our model on top of features extracted from CKNs of differ-
ent dimensions, representing the number of anchor points used to approximate . The number of
iterations for Sinkhorn is fixed to 100 to ensure the convergence. The results for different combi-
nations of ¢ and p are provided in Table [§] Increasing the number of supports p can improve the
performance and then saturate it when p is too large. On the other hand, increasing the number of
references while keeping the embedding dimension (i.e. p X ¢) constant is not significantly helpful
in this unsupervised setting. We also notice that Wasserstein Barycenter for learning the references
does not outperform K-means, while the latter is faster in terms of computation.

Supervised embedding. Our supervised embedding is initialized with the unsupervised method
and then trained in an alternating fashion which was also used for CKN: we use an Adam algorithm
to update anchor points in Nystrom and reference measures z, and the L-BFGS algorithm to optimize
the classifier. The learning rate for Adam is initialized with 0.01 and halved as long as there is no
decrease of the validation loss for 5 successive epochs. In practice, we notice that using a small
number of Sinkhorn iterations can achieve similar performance to a large number of iteration, while
being much faster to compute. We thus fix it to 10 throughout the experiments. The accuracy
results are obtained by averaging on 10 runs with different seeds following the setting in [5]. The
results are shown in Table 0] with error bars. The effect of the number of supports ¢ is similar to the
unsupervised case, while increasing the number of references can indeed improve performance.
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Table 10: Model architecture for DeepSEA dataset.

Model architecture

Conv1d(in channels=4, out channels=d, kernel size=16) + ReLU

(Ours) EmbeddingLayer(in channels=d, supports=64, references=1, ¢ = 1.0, PE=True, opos = 0.1)
Linear(in channels=d, out channels=d) + ReLU

Dropout(0.4)

Linear(in channels=d x 64, out channels=919) + ReLU

Linear(in channels=919, out channels=919)

Table 11: Results for prediction of chromatin profiles on the DeepSEA dataset. The metrics are
area under ROC (auROC) and area under PR curve (auPRC), averaged over 919 chromatin profiles.
The accuracies are averaged from 10 different runs. Armed with the positional encoding (PE) de-
scribed in Section [2] our embedding outperforms the state-of-the-art model and another model of
our embedding with the PE proposed in [27]].

Method DeepSEA Ours Ours (d = 1024)  Ours (d = 1536)
Position encoding - Sinusoidal [27]] Ours Ours
auROC 0.933 0.917 0.935 0.936
auPRC 0.342 0.311 0.354 0.360

D.4 Detection of chromatin profiles

Dataset description. Predicting the functional effects of noncoding variants from only genomic
sequences is a central task in human genetics. A fundamental step for this task is to simultaneously
predict large-scale chromatin features from DNA sequences [34]]. We consider here the DeepSEA
dataset, which consists in simultaneously predicting 919 chromatin profiles including 690 transcrip-
tion factor (TF) binding profiles for 160 different TFs, 125 DNase I sensitivity profiles and 104
histone-mark profiles. In total, there are 4.4 million, 8000 and 455024 samples for training, valida-
tion and test. Each sample consists of a 1000-bp DNA sequence from the human GRCh37 reference.
Each sequence is represented as a 1000 x 4 binary matrix using one-hot encoding on DNA char-
acters. The dataset is available at http://deepsea.princeton.edu/media/code/deepsea_
train_bundle.v0.9.tar.gz. Note that the labels for each profile are very imbalanced in this
task with few positive samples. For this reason, learning unsupervised models could be intractable
as they may require an extremely large number of parameters if junk or redundant sequences cannot
be filtered out.

Model architecture and hyperparameters. For the above reason and fair comparison, we use
here our supervised embedding as a module in Deep NNs. The architecture of our model is shown in
Table[I0] We use an Adam optimizer with initial learning rate equal to 0.01 and halved at epoch 1, 4,
8 for 15 epochs in total. The number of iterations for Sinkhorn is fixed to 30. The whole training pro-
cess takes about 30 hours on a single GTX2080TI GPU. The dropout rate is selected to be 0.4 from
the grid [0.1;0.2; 0.3; 0.4; 0.5] and the weight decay is 1e-06, the same as [34]. The Opos foOr position
encoding is selected to be 0.1, by the validation accuracy on the grid [0.05;0.1;0.2;0.3; 0.4; 0.5].
The checkpoint with the best validation accuracy is used to evaluate on the test set. Area under ROC
(auROC) and area under precision curve (auPRC), averaged over 919 chromatin profiles, are used
to measure the performance. The hidden size d is chosen to be either 1024 or 1536.

Results and importance of position encoding. We compare our model to the state-of-the-art
CNN model DeepSEA [34] with 3 convolutional layers, whose best hyper-parameters can be found
in the corresponding paper. Our model outperforms DeepSEA, while requiring fewer layers. The
positional information is known to be important in this task. To show the efficacy of our position
encoding, we compare it to the sinusoidal encoding used in the original transformer [27]]. We observe
that our encoding with properly tuned oy requires fewer layers, while being interpretable from a
kernel point of view. We also find that larger hidden size d performs better, as shown in Table
ROC and PR curves for all the chromatin profiles and stratified by transcription factors, DNase
I-hypersensitive sites and histone-marks can also be found in Figure
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ROC curves (avg auROC=0.937) PR curves (avg auPRC=0.362)
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Figure 2: ROC and PR curves for all the chromatin profiles (first row) and stratified by transcrip-
tion factors (left column), DNase I-hypersensitive sites (middle column) and histone-marks (right
column). The profiles with positive samples fewer than 50 on the test set are not taken into account.

D.5 SST-2

Dataset description. The data set contains 67,349 training samples and 872 validation samples
and can be found at https://gluebenchmark.com/tasks. The test set contains 1,821 samples
for which the predictions need to be submitted on the GLUE leaderboard, with limited number
of submissions. As a consequence, our training and validation set are extracted from the original
training set (80% of the original training set is used for our training set and the remaining 20% is
used for our validation set), and we report accuracies on the standard validation set, used as a test
set. The reviews are padded with zeros when their length is shorter than the chosen sequence length
(we choose 30 and 66, the latter being the maximum review length in the data set) and the BERT
implementation requires to add special tokens [CLS] and [SEP] at the beginning and the end of each
review.

Model architecture and hyperparameters. In most transformers such as BERT, the embedding
associated to the token [CLS] is used for classification and can be seen in some sense as an em-
bedding of the review adapted to the task. The features we used are the word features provided
by the BERT base-uncased version, available at https://huggingface.co/transformers/
pretrained_models.html. For this version, the dimension of the word features is 768. Our
model is one layer of our embedding, with ¢ the Gaussian kernel mapping with varying number
of Nystrom filters in the supervised setting, and the Linear kernel in the unsupervised setting. We
do not add positonnal encoding as it is already integrated in BERT features. In the unsupervised
setting, the output features are used to train a large-scale linear classifier, a Pytorch linear layer. We
choose the best hyper-parameters based on the accuracy of a validation set. In the supervised case,
the parameters of the previous model, w and z, are optimized end-to-end. In this case, we tune the
learning rate. In both case, we tune the entropic regularization parameter of optimal transport and
the bandwidth of the Gaussian kernel. The parameters in the search grid are summed up in Table[I3]
The best entropic regularization and Gaussian kernel bandwidth are typically and respectively 3.0
and 0.5 for this data set. The supervised training process takes between half an hour for smaller
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Table 12: Accuracies on standard validation set for SST-2 with our unsupervised features depending
on the number of references and supports. The references were computed using K-means on samples
for multiple references and K-means on patches for multiple supports. The size of the input BERT
features is (length x dimension). The accuracies are averaged from 10 different runs.

BERT Input Feature Size (30 x 768) (66 x 768)

Features Pre-trained  Fine-tuned Pre-trained Fine-tuned
[CLS] 84.6+0.3 90.3+0.1 86.01+0.2 92.8+0.1
Flatten 84.9+0.4 91.0+0.1 85.2+0.3 92.5+0.1
Mean pooling 85.3+0.3 90.8+0.1 85.44+0.3 92.6+0.2
P, (1 x3) 85.54+0.1 90.9+0.1 86.5+0.1 92.6+0.1
P, (1 x 10) 85.1+0.4 90.9+0.1 85.940.3 92.6+0.1
P, (1 x 30) 86.3+0.3 90.8+0.1 86.6+0.5 92.6+0.1
P, (1 x 100) 85.7+0.7 90.9+0.1 86.610.1 92.740.1
P, (1 x 300) 86.8+0.3 90.9+0.1 87.21+0.1 92.7+0.1

Table 13: Hyperparameter search grid for SST-2.

Hyperparameter Search range
Entropic regularization & [10.0; 3.0;1.0; 0.5]

A for classifier (unsupervised setting) 10rnee(=10,1)
Gaussian kernel bandwidth [0.4;0.4;0.5;0.6;0.7; 0.8]
Learning rate (supervised setting) [0.1;0.01; 0.001]

models (typically 128 filters in w and 3 supports in z) and a few hours for larger models (256 filters
and 100 supports) on a single GTX2080TI GPU. The hyper-parameters of the baselines were simi-
larly tuned, see[I4] Mean Pooling and [CLS] embedding did not require any tuning except for the
regularization A of the classifier, which followed the same grid as in Table[T3]

Results and discussion. As explained in Section [3] our unsupervised embedding improves the
BERT pre-trained features while still using a simple linear model as shown in Table and its
supervised counterpart enables to get even closer to the state-of-the art (for the BERT base-uncased
model) accuracy, which is usually obtained after fine-tuning of the BERT model on the whole data
set. This can be seen in Tables [I5} [T6] We also add a baseline consisting of one layer of classical
self-attention, which did not do well hence was not reported in the main text.

Table 14: Hyperparameter search grid for SST-2 baselines.

Model and Hyperparameter Search range

RepSet and ApproxRepSet: Hidden Sets x Cardinality  [4; 20; 30; 50; 100] X [3; 10; 20; 30; 50]
ApproxRepSet: Learning Rate [0.0001;0.001;0.01]

Set Transformer: Heads x Dim Hidden [1;4] x [8;16; 64;128]

Set Transformer: Learning Rate [0.001;0.01]

18



Table 15: Classification accuracy on standard validation set of supervised models for SST-2, with
pre-trained BERT (30 x 768) features. The accuracies of our embedding were averaged from 3
different runs before being run 10 times for the best results for comparison with baselines, cf. Sec-
tion[3] 10 Sinkhorn iterations were used. We show the results of using either one reference with
various supports or 4 references with various supports.

Method Accuracy on SST-2

Number of Nystrom filters 32 64 128
d, (1 x3) 88.38 88.38  88.18
P, (1 x 10) 88.11 88.15 87.61
d, (1 x 30) 88.30 88.30 88.26
D, (4 x 3) 88.07 88.26 88.30
P, (4 x 10) 87.6 87.84 88.11
d, (4 x 30) 88.18 88.68 88.07

Table 16: Classification accuracy on standard validation set of all baselines for SST-2, with pre-
trained BERT (30 x 768) features, averaged from 10 different runs.

Method Accuracy on SST-2
[CLS] embedding [10] 90.3+0.1
Mean Pooling of BERT features [10]] 90.8 +0.1
One Self-Attention Layer [27]] 83.740.1
Approximate Rep the Set [25]] 86.8+0.9

Rep the Set [25] 87.1£0.5

Set Transformer [16]] 87.9+0.8

®, (1 x 30) (dot-product instead of OT) 86.9+1.1
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